Reheating phase of inflationary Universe can be modeled by parameters T reh ,w reh and N reh , which can be constrained by the scalar spectral amplitude A s and the scalar spectral index n s . On the other hand the low multipole anomalies in the CMB can be modeled by suitable features in the inflaton potential. We show that the parameters of these features in the inflaton potential provide additional constraints on the reheating parameters. For several single field models we find that the reheating parameters are substantially more constrained by the requirement of compatibility with the proposed explanation for low multipole anomalies. * rajesh@phy.iitb.ac.in † yajnik@phy.iitb.ac.in
I. INTRODUCTION
Slow-roll inflation [1] [2] [3] [4] [5] [6] [7] predicts nearly scale invariant primordial power spectrum [8] [9] [10] [11] [12] that provides a good fit to the recent cosmic microwave background (CMB) data [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The inflationary phase terminates by 'reheating' phase [25] [26] [27] [28] [29] [30] [31] so that the Universe subsequently evolves according to the hot big-bang model [32, 33] . The physics of reheating phase is completely undetermined and there are no direct observational data available, so far.
However, indirect bounds can be obtained for the temperature at the end of the reheating (T reh ), the equation of state parameter, w, during reheating (w reh ) and the duration of reheating (N reh ) from recent CMB data.
Since slow roll inflation producing nearly scale invariant perturbations can be considered to have terminated if w attains w > − 1 3 , it is convenient to assume that w reh = − 1 3 at the beginning of the reheating. After the reheating era, w is expected to be 1 3 , in order to make the Universe radiation dominated. Nevertheless, the allowed range of w during the reheating is considered to be − 1 3 ≤ w reh ≤ 1 in various scenarios. On the other hand, the lower and upper bounds of T reh are 10 −2 GeV (the big-bang nucleosynthesis (BBN) temperature) [34] and 10 16 GeV (inflation energy scale) respectively.
The relation between reheating and inflationary parameters can be obtained by considering the evolution of observable cosmological scales from the time of Hubble crossing during inflation to present time [32, [35] [36] [37] . For single-field inflationary models, we can derive relations among T reh , N reh , w reh , the scalar power spectrum amplitude (A s ) and the scalar spectral index n s . In addition, CMB data is helpful in obtaining the constraints on T reh and N reh [32, [36] [37] [38] [39] [40] [41] .
The nearly scale invariant primordial power spectrum provides a good fit to the CMB data, and lends strong support to the essential paradigm of inflation. However at lower multipoles, specifically around = 22 and 40, the data points lie outside the cosmic variance associated with the power law primordial spectrum. It indicates that certain non-trivial inflationary dynamics are possible. If not of a completely accidental origin, the outlying data points could be important phenomenological inputs to deducing ancillary details of the inflationary model. There have been constant efforts [42] [43] [44] [45] [46] [47] [48] [49] [50] to reconstruct the primordial power spectrum from the CMB anisotropies in a model independent way.
The consideration of a burst of oscillations in the primordial power spectrum leads to a good fit to the CMB angular power spectrum, particularly around = 22 and 40 multipole moments [51] [52] [53] . In order to generate these oscillations in the primordial power spectrum, one has to consider a short period of deviation from slow-roll inflation [54, 55] . This deviation can be obtained by introducing a step in the inflaton potential [17, [56] [57] [58] [59] [60] [61] [62] . A step with suitable height and width at a particular location of the inflationary potential has resulted in a better fit to the CMB data near the multipole = 22. In this paper we show that the generic relation between late time observables and reheating phase in a single field inflation can be strengthened by also demanding successful explanation of the low multipole anomalies. The link is the specific position of the inflaton in the course of its slow roll, φ k /M P l , at which it encounters the step in the potential. We obtain constraints on the reheating predictions of several inflationary models by using the location of the step in the inflaton potential as obtained in Ref. [51] . The investigation can be extended easily to other models, as will be done in a future publication.
The article is organized as follows: Sec. II deals with the slow-roll inflation and its predictions. In Sec. II, we derive the expressions for T reh and N reh as functions ofw reh and the inflationary parameters (∆N k and V end ) to be described there. The expressions for T reh and N reh are derived as a function of the scalar spectral index n s for different single field inflationary models in Sec. III. In addition, the observational bounds on inflationary models and reheating parameters are discussed for large field, small field (hilltop) and Starobinsky model by using Planck 2015 data [23, 24] . In Sec. IV, the effect of considering a step in the inflaton potential and its consequences on the constraints on reheating parameters are detailed. Sec.V contains the conclusions.
We work with = c = 1 units and the following values are used.
18 GeV is the reduced Planck mass and the redshift of last scattering surface is z ls = 1100. The z eq = 3365 is the redshift of matter radiation equality and the present value of the Hubble parameter H 0 = 100h km s −1 Mpc −1 with h = 0.68 [23, 24] .
II. REHEATING PARAMETERS IN SLOW-ROLL MODELS
We consider the inflaton φ governed by a potential V (φ) undergoing slow roll evolution with parameters and η, resulting in scalar curvature power spectrum P ζ (k) and tensor power spectrum P h (k) as a function of the Fourier transform variable k of the argument of the spatial correlation functions, with corresponding indices n s −1 and n T . The details of the definitions and notation are standard [63] , and can be found also in the references [7, 12, 64] .
We shall use A s and A T , the amplitude of scalar and tensor power spectra at the pivot scale k * as used by Planck collaboration, k * a 0 = 0.05Mpc −1 . For k = k * , these amplitudes are given in terms of H * as
In terms of the slow-roll parameters and η, the tensor to scalar ratio r, the scalar spectral index n s and the tensor spectral index n T satisfy the relations r = 16 , n s = 1 − 6 + 2η,
The total number of e-foldings, N T , is defined as the logarithm of the ratio of the scale factor at the final time t e to it's value at initial time t i of the era of inflation.
Where φ i and φ end are the initial and final values of the inflaton field φ. The expression of the number of e-folds between the Hubble crossing of the scale k and the end of the inflation is given by
Where φ k is the value of the inflaton field at the time of Hubble crossing of the scale k. The observed wavenumber of any physical scale today
, can in principle be related to its value at the time of Hubble crossing during inflation
Here a k , a eq and a 0 represent the value of scale factor at the time of Hubble crossing, matter radiation equality and at present time respectively. The somewhat ill defined but physically significant epochs a end , a reh represent end of inflation and the end of reheating respectively.
For convenience one also introduces
in line with the number of e-foldings. The dynamic quantity ∆N k represents the number of e-folds remaining after the scale k has crossed the Hubble radius during inflation. We also assume a complete return to radiation dominated era at the end of the reheating phase, and subsequent evolution of the Universe governed by an energy density
where T reh is the temperature, and g reh is the effective number of relativistic species at the end of reheating. We further consider the energy density at the end of reheating to be entirely radiation type only i.e., ρ(T reh ) = ρ radiation (T reh ). Now, using z eq as the redshift at the epoch of matter-radiation equality, Eq. (5) can be recast as
As a further parametrization of the reheating phase, it is assumed to be dominated by a fluid [7, 65] of pressure P and energy density ρ, with equation of state w reh = P ρ
. Imposing the continuity equation, we haveρ
ρ + 3Hρ(1 + w reh ) = 0.
In view of this equation, we have
Herew reh is the average equation of state parameter during reheating [32] . Eq. (11) can now be rewritten in the following form
Using Eq. (13) and Eq. (7) we can write the reheating e-folds N reh as
Thus returning to the quantity (5), substituting Eq. (13) in Eq. (8) we have
To make a further contact with slow roll inflation, we begin by noting that the slow-roll parameter can be written as follows
From Eq. (16) we can write the kinetic energy of the inflaton field in terms of and V (φ)
as given below
Now, using Eq. (17) the energy density of the Universe and the Hubble parameter during inflation can be written as
In general, the slow-roll parameter becomes equal to 1 at the end of inflation. Hence, the energy density at the end of inflation is ρ end = V end , where V end = V (φ end ) and φ end respectively represent the potential and field at the end of inflation. In terms of these quantities, Eq. (15) can be written as
From Eq. (20), ∆N k can be obtained as
Eq. (21) can be inverted, and using (7) we can obtain a mutual consistency relation between the various parameters introduced,
substituting the expression for T reh from Eq. (14) in Eq. (22) we get the expression for N reh as below
internal consistency among the reheating parameters for two specific models. It is reasonable to assume g reh ≈ 100 for our calculations [37] .
III. MODELS AND CONSTRAINTS

A. Large field quadratic model
Large field quadratic model [7, 37, 64, 66] of inflation is described by the potential V (φ) = 
where V k , φ k and k respectively represent the potential, inflaton field and the slow-roll parameter at the time of Hubble crossing of the mode k. Now, consider the mode k * corresponding to the pivot scale introduced above (1), which crosses the Hubble radius H * during inflation when the field φ has attained the value φ * . The number of e-folds remaining after the pivot scale k * crosses the Hubble radius is
where we have used the condition defining the end of inflation, = 1 which gives
Using = 2M
2 P l /φ 2 as arises in this model, the spectral index n s , Eq. (2), can be written as
And thus ∆N * as a function of the scalar spectral index n s and is given by
The variation of ∆N * and correspond to the 1σ and 2σ bounds respectively on n s from Planck 2015 data (TT+Low P + Lensing) [23, 24] .
where n s although strictly k dependent has been replaced by it almost constant value. This, along with the relation of H and field φ in this model, and the criterion for the end of inflation as used in (25) , gives the value of V at the end of the inflation, V end , as a function of A s and n s ,
After substituting Eq. (28) and (29) in Eq. (22) and (23) we can write the temperature at the end of reheating, T reh , and reheating e-folds, N reh , in terms of A s and n s for the pivot scale as given below
Now, we need information about the mass scale "m" which can obtained by combining Eqs.
(24) and (28) . Using Planck's central value of A s = 2.139 × 10 −9 and n s = 0.968 [23, 24] we obtain m = 1.38 × 10 13 GeV and thus V end = (5. ≤w reh ≤ 0 predict T reh > 10 7 GeV, while the other curves ( ≤w reh ≤ 1 is 0.962 n s 0.972 which gives the upper and lower bound on tensor to scalar ratio is 0.112 r 0.152. However, the upper bounds on the tensor to scalar ratio from recent observation is r < 0.09 [23, 24] . Hence, it is very difficult to find a feasible reheating scenario T reh ∼ 100GeV (tiny dashed green), T reh ∼ 10MeV (medium dashed orange).
B. Small field /Hilltop inflation:
In this model, inflation occurs at very small value of the field and at the top of the flat potential. The potential for this kind of inflation is described by [3, 7, 67] .
The field value at the end of inflation is calculated by setting = 1 and φ end < µ which leads to the following equation
As per Ref. [51] , we have considered p = 4 and µ = 15M Pl and obtained (large dashed cyan),
(tiny dashed green), w reh = 1 (medium dashed orange). The dark gray and light gray shaded region corresponds to the 1σ and 2σ bounds on n s from Planck 2015 data (TT+Low P + Lensing) [23, 24] .
Hubble crossing of the scale k takes the form
As in the case of the large field quadratic model, we have to write the expressions for T reh and N reh as a function of n s and A s . From Eq. (4) the expression for the number of e-folds between the horizon exit of the pivot scale and the end of inflation is given by We can write the field value at the time of horizon crossing of the pivot scale as a function of n s as given below
We can write H * and V end in terms of the scalar spectral amplitude A s and scalar spectral index n s as
where, χ(n s ) = span the entire range of reheating temperature i.e., 10
GeV to 10 16 GeV within Planck's 1σ bounds on n s . For this quartic hilltop model the tensor to scalar ratio r and the tensor tilt n T can be written as a function of n s and are given below r = 16 = 128β 2 (n s ) and
For the hilltop potential with p = 4 and µ = 15M Pl , using Eq. (43) and 10 −2 GeV ≤ T reh ≤ 10
16
GeV within Planck's 1σ bounds on n s . From FIG.6a , the upper bound r ≤ 0.015 is estimated forw reh ≥ 0 and 10 −2 GeV ≤ T reh ≤ 10 16 GeV within Planck's 2σ bounds on n s .
C. Starobinsky Model:
The action for the Starobinsky model is
where R is the Ricci scalar and L matter is the Lagrangian for the matter content of the Universe. After performing the conformal transformation [68] to Einstein frame we get the action for the Starobinsky model which is equivalent to the scalar field version [41, 69] , and is given below 
The Hubble parameter as defined in Eq. (19) at the time of Hubble crossing of the scale k is given by
The number of e-folds remaining after the scale k crosses the Hubble radius is obtained by using Eq. (4), and is written below
Now, similar to the large field and hilltop model we have to express T reh and N reh as a function of the experimentally estimated parameters A s and n s . The scalar spectral index n s as defined in Eq. (2) for this model becomes
From the above expression, Eq. (50), we can write the field value at the time of Hubble crossing of the pivot scale k * as a function of n s as
Now, we can write ∆N * , H * and V end as a function of the scalar spectral index n s as following
and Since n s ≈ 1, we have neglected terms of the form [1 − x(1 − n s )] in Eqs. (53) and (54), where x is a fraction. After substituting the above expressions for H * , ∆N * and V end in Eqs. (22) and (23) (14), we obtain the relation
The above results are represented graphically in FIG.8 and FIG.9 . From FIG.9 we see that for 1 6 ≤w reh ≤ 1 the entire range of reheating temperature 10 −2 GeV T reh 10 16 GeV compatible with BBN and inflation energy scales is allowed for Planck's 1σ limits on n s .
However, for − 1 3
there is a lower bound on T reh . For example, withw = − , T reh 10 12 GeV. For Starobinsky model the tensor to scalar ratio r can be written in terms of the scalar spectral index n s as r ≈ 3(1 − n s ) 2 . These ranges of r are well inside the upper bound of r from recent observations [23] .
IV. CONSTRAINTS ON THE REHEATING PARAMETERS FROM A STEP IN THE INFLATON POTENTIAL
In the previous section the expressions for T reh and N reh are written as a function ofw reh , n s and A s , see Eqs. (30) and (31) . However, we can also write T reh and N reh in terms of the inflaton field location φ k and the number of e-folds remaining, ∆N k , after a given scale 
Similarly, we can write out the expressions of T reh and N reh for quartic hilltop and Starobinsky model but these are not displayed here. If we know the field location φ k for the mode with wavenumber k then the ∆N k can be computed by using Eq. (4), which leads to express T reh and N reh as a function ofw reh only. Using this method we proceed to strengthen our previous section's results (i.e. the allowed ranges of T reh , N reh andw reh ) by considering an observable scale k at current epoch where local anomalies have been observed in the CMB angular power spectrum.
The WMAP collaboration [14] [15] [16] [17] reported a dip and a bump near the multipoles = 22 and = 40 in the CMB angular power spectrum. The large scale power suppression, namely the dip near = 22, is also found in Planck 2013 and 2015 data [21] [22] [23] [24] . There are studies [17, 51, [57] [58] [59] 70 ] which relate such anomalies to a feature in the otherwise monotonic inflaton potential. Such feature is shown to generate oscillations in the primordial power spectrum, and provide better fit to the CMB data near these multipole moments. The step is introduced by multiplying the inflaton potential by a function
where y, φ k and ∆φ are respectively the height, location and slope of the step. The scales affected by the step are those which are crossing the horizon at the time the inflaton field reaches the step location. The details of this mechanism can be found in Ref. [17, 56-59, 70, 71] . The locations of the step obtained in Ref. [51] are (25) and (37) 
and Starobinsky model respectively, where Eqs. (24), (35) and (48) are employed.
In order to use this result we need to relate the values of of the CMB power spectrum with the wave number of the fluctuation. A comoving scale λ co is projected on the last scattering surface on an angular scale θ is given by [12] 
where, t ls and t 0 are last scattering and present time respectively, and with a ls and H ls the scale factor and Hubble parameter at the time of last scattering. Here we have considered the Universe is matter dominated a(t) ∝ t 2/3 from the time of last scattering till today.
This in turn allows expressing the multipole moment value as
where λ ph is the physical wavelength and z ls is the redshift of the last scattering which is defined as 1 + z ls = [23, 24] .
The resulting plots for 
GeV to 10
16 GeV, thew reh should be less than 0.2 for all the models which are considered here. The allowed ranges of the reheating parameters for different inflationary models from Planck data and for successful explanation of the CMB low multipole anomalies are shown in However, modeling the CMB low multipole anomalies through feature in the inflaton potential gives a further handle on the reheat parameters. The obtained upper bounds on the reheating parameters for the large field, hilltop and Starobinsky model are (w reh < 0.118, T reh < 1.21 × 10 12 GeV), (w reh < 0.142, T reh < 5.32 × 10 12 GeV) and (w reh < 0.165, T reh < 8.48 × 10 12 GeV) respectively. However, in quadratic large field model forw reh ≤ 1 implies r ≥ 0.112 which is found to be greater than the recently observed upper bound on r (i.e., r < 0.09). This further strains the validity of the quadratic large field model. On the other hand, for the hilltop and Starobinsky models in the allowedw reh range, the tensor to scalar ratio r is always well inside the the upper bounds on r. Hence, these models are strongly preferred for the purpose of inflationary model building. In conclusion, if the low multipole anomalies are to be successfully explained by considering a step in the inflaton potential it is possible to put stronger constraints on the reheating parameters.
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